
STEADY-STATE TEMPERATURE FIELD OF A. DISC 

WITH CONVECTIVE IIEA, T TRANSFER AT 

ITS SURFACE 
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The mixed problem with axial s y m m e t r y  is solved approximately,  with boundary conditions 
of the third kind specif ied at the disc surface .  

For  the solution of many problems in the theory  of heat conduction it  is n ece s sa ry  to de te rmine  the 
s teady-s ta te  t empera tu re  field of a disc in an infinitely large  homogeneous medium under  conditions of cori- 
veet ive heat t r a n s f e r  between them. Such a problem is equivalent to the problem of a ha l f - space  with a 
c i r c l e  of unit radius on its boundary where Conditions of the th i rd  kind a re  sat isf ied and the r emainder  of 
the boundary thermal ly  insulated, this problem to be solved by integrat ing the Laplace  equation 

1 a (r = o  (1) 

with the following boundary conditions (defined in dimensionless  form):  

T - - k  dT ---1, r . < l ,  z - -0 ;  (2) 
dz 

OT 
~ = 0 ,  r > l ,  z = O ,  (3) 
Oz 

where k = 1/Bi  > O. 

The well known solution to this problem [1] involves the necess i ty  of evaluating the Fredholm integral  
equation of the second kind with respec t  to  some auxil iary function, which considerably l imits  the feasibi l i ty  
of even a numer ica l  analysis .  In view of this,  we will solve the problem by the method of cha rac te r i s t i c  
sur faces  [2], by which it  can be reduced to the mathemat ical  model shown in Fig. lb .  

In o rde r  to find the t empe ra tu r e  distr ibution T(r ,  z) within the given region, we will consider  the 
auxi l iary problems of determining the functions Tl(r ,  
s ub r e g ions~ l :  { 0 < r < ~ ,  z >  0}andgt2: ( 0 < r <  1, 

or1 
OZ tz=O = 

r ~ l  

z) and T2(r, 
--k < z < 0}, 

r az z o' 
r<,l 

z), which a re  harmonic  in the respec t ive  
with the following additional conditions 

Assuming that the dis tr ibut ion of the normal  der ivat ive  at the in te r face  between subregions ~21 and ~2 (i. e.,  
in the plane z = 0, r -< 1) is equal to some as yet  unknown function 

OT z~o az = [ (r), 
r ~ l  

we wilI wri te  the boundary conditions for  the auxi l iary functions Tl(r ,  z) and T2(r, z) as 
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a b 

a r  r - ,  = l ~ % 

r !  

F i g .  i. S c h e m a t i c  d i a g r a m  for s p e c i f y i n g  t h e  b o u n d -  
a r y  c o n d i t i o n s :  (a) p r o t o t y p e  s y s t e m ,  (b) a u x i l i a r y  
m a t h e m a t i c a l  m o d e l .  

w i th  

and  

aT_~ = ,[ f (r) r - ~  1, z :-- O; 
Oz [ 0 r > l ,  z = 0 ,  

T ~ =  1 r - ~  1, z . . . .  k; I 
OT2 .... 0 r = l ,  - - k < z < O ;  [ 
or I 

OT2 I Oz --f(r) r - ~ l ,  z = 0 .  

The expression for T I is, as can be easily verified, 

T~ = .!' A (~.) s exp ( - -  s Jo (),r) dlv, 
0 

A (;~) = - -  - -  

1 

1 f f (p) So ()~P) pdp 
~ . 

0 

1 r 

r~ . . . .  i' f (P) 9dP f exp ( - -  ~,z) Jo (~'P) Jo (~r) dK 
6' o 

T h e  s o l u t i o n  in  s u b r e g i o n  f~2 i s  w r i t t e n  in  t h e  f o r m  

To 1 q- 2 (z q- k) ~ f (P) odP -+ 2 sh a,~ (z -~- k) = /(9)J0(~p)pdp, 
" a n ch % k  Jo (an) J 

0 n ~ l  0 

wi th  a n d e n o t i n g  t h e  r o o t s  of  t h e  e q u a t i o n  J~(o~ n) = 0. 

T a k i n g  i n t o  a c c o u n t  t h e  c o n t i n u i t y  of f u n c t i o n  T ( r ,  z) a t  z = 0, r <- 1 ( c o n d i t i o n  (5)), 
and  (11) 

th a~kJ o (a~r) 
[ (O) odo J0 (),r) J0 (~P) d~ + 2 an j2 ~ (an) 

0 0 n = l  

1 1 

x I t(o) So( .o) oeo + 2k . f t ( ~ 1 7 6  = - 1. 
0 0 

C o n s i d e r i n g  a l s o  t h a t  [3] 

co 

i +( Jo (~,P) Jo (~,r) d~, = F 1 1 9 ~ �9 2 '  2 ;  1; 
0 

a n d  

F ( a ,  8; v; z) -- 

1 

i j' t)v_~__ 1 
B ([3, 7 - -  13) t ~- '  (1 - -  (1 - -  tz) -~ dr, 

0 

(7) 

(8) 

(9) 

(io) 

(11) 

we f ind  f r o m  (I0) 

(12) 
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we reduce (12) to 
l p 

__2.._ f (p) 9dp dt 
n r f r  ~ - -  t ~ V P~ - -  t ~ 

o o 

- - -  g ( r ) ,  (12') 

where 
l m 1 

g (r) == 1" 2k f (p) pdp -}- 2 f (P) Jo (anP) 9d9. 
-'- . a.J~ (a~) 

0 n = l  0 

Changing the order  of integrat ion in (12') f rom the left  will yield the equation 
1 t 

2 i. dt J' f(~) odp 
-~--J Vr-V~-- fi V , o ~ _ t ~ - - - - g ( r ) .  (13) 

0 t 

This equation can be solved by a subsequent application of the inversion formula  for  the Abel integral  equa- 
tion (see, e . g . ,  [4]): 

1 t 

pf(p)_ 2 d ~ tdt d y rg (r) dr 
n do V-P -- P 2 dt V-12 _ _  r ~ (14) 

o 0 

Multiplying now both sides of (14) by J0(amp) (m = 0, 1, 2 . . . .  and a 0 = 0 when m = 0) and integrat ing with 
respec t  to O from 0 to 1, we obtain, af ter  the neces sa ry  mathemat ical  operations [3], the following infinite 

1 1 

sys tem of algebraic  equations for the constants flo = J" f(p)pdp and fin = [ f(O)Jo(anP)pdP �9 
0 0 

r 1 { 2 =  ,,ho.ksino.} 
s I ( a . )  I -Jr- 4k z~ z~ a n 

n ~ l  

I$,n = - -  ---~-2 Sina___~ am (l -}- 2kilo) - -  ~ 4  /~..A [~ " ~  ~ ) t h  a.k 

[ sin (a, + am) sin(an--am) J • + ( m = l ,  2, 3 . . . .  ). 
a n -}- a m a n  - -  a m 

(15) 

where  

For  the purpose of fur ther  analysis ,  it will be m o re  convenient to t r ans fo rm sys tem (15) to 

Z th a~k sin a~ 2 2 :y,~ - -  , 
7o-- 

2 sin arn 
" ~ r f t  - -  , 

a m 

n ~ l  
2 th a,je -F --~ a,,Jo (a,,) 

2 a n  th ank + ---(anJo(an) 

thank . [ sin (a,~ + am) 
! 

[ a . + a m  

+ sin(~.--~,.) (1--Sm.)] (m I ,  2~3 . . . .  ), 
ao. ~ a m 

(16) 

~ ~J~ ~ )  ' 

5m"={lO m=/=n.m=n' 

It is evident he r e  that the sum of the squares  of the diagonal coefficients in the infinite sys tem of al-  
gebraic  equations sat isfy the following inequality: 
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The solution for Tl(r,  
t egra l  equations 

th.ks.n2.!2.,2 1 ,sin2.,  . (  . . . .  ; ] < o o ,  
a 2 ~ i am : th amk -: . . . . .  amJo (am) m=l 

�9 4 

i . e . ,  one can solve sys tem (16) by the reduction method and one can est imate  the accuracy  of the appro:4-  
mate  solution, as :tong as 1 is not an eigenvalue of the sys tem [5]. The original problem is then solved 
without difficulty by a success ive  application of formulas  (16) and (11). 

The resul t  obtained so far  yields only a numerical  solution to the problem,  however,  which is not 
very  useful for a di rect  analysis .  In view of this, it becomes worthwhile to consider  an approximate meth-  
od of determining the t empera tu re  field of the sys tem in Fig. lb which will yield a ra ther  simple analytical 
solution. 

For  this purpose,  wedefine the t empera tu re  distribution in the z = 0, r ~ 1 plane in t e rms  of a power 
series 

N 

T (0, r)]~, = X (r) = 2 amr'~" (17) 
N~--0 

The expression for T2(r, z) can then be written as 

N 

T~(r, z) z z + k  ~ a m 
= - - - k - - q - ,  2 -  k mq-2  

= sh a,~k Jg (a,O am pm+X 4 (anP) dp . (18) 

z) is given by formula  (9), where A(k) = B(k) /k  is found by solving the pai r  of in- 

oo 

J" B (x) s .  (~r) dX = Z (r), r < 1, 
0 

i ~ B  (x) Jo (~r)dX = 0, r > 1, 
0 

with the boundary condition for Ti(r, 0) at r > 0 taken into account. 

The solution to these equations is obtained by the substitution [6]: 

t 

B (~.) = S '~ (t) Cos Xtdt, 
0 

where 

t 

(t) = 2 .  d__ C- rz ( r )  dr 
,~t O V ~ - -  ~ 

0 

(19) 

(20) 

For the determinat ion of the unknown coefficients a m one must  use  condition (4), which is satisfied 
at N + 1 points selected in some manner .  In o rder  to simplify the calculations and improve  the accuracy,  
however,  it is worthwhile to determine the coefficients f rom the condition of equat thermal  fluxes imping- 
ing on definite segments  of the in te r facebe tween  subregions ~1 and ~2: 

where 

QI(Pi)==Q~(Pl) ( i =  I, 2 . . . . .  Nq-1), 

lai 

Q j ( p ~ ) = - 2 ~  i' 07"i! rdr ( ]=  1, 2). 
�9 Oz !~=o 
0 

for Q1 one easi ly obtains the express ion 
Pi 1 

0 Pt 

(21) 

(22) 

(23) 

For instant, 
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TABLE 1. 
k 

Coeff ic ients  a 0 and a 2 for  Var ious  Values of P a r a m e t e r  

Pi 

k 0,4 0,6 [ 0,8 0,4 [ 0,6 [ 0,8 

a e --a~ 

0,02 0,9959 
0,06 0,9601 
0,1 0,9338 
0,5 0,6768 
1,0 0,4921 
2,0 0,319 

0,9988 
0,9652 
0,9375 
0,685 
0,4937 
0,320 

0 9993 
0,9791 
0,9573 

�9 0,688 
0,4939 
0,321 

0,0407 
0,0611 
0;0903 
0,1157 
0,0885 
0,0575 

0,0465 
0,0710 
0,0973 
0,1294 
0,0989 
0,0648 

O, 0502 
0,0983 , 
O, 1345 
0,1349 , - 
O, 099 
O, 0642 

de r i ved  u s ing  the  va lue  of the d i scon t inu i ty  i n t e g r a l  

i cos ~tJ  1 (~p) dZ = for t < p, 
! 

�9 P 
0 

= p [ V ~ ( t + ,  t ' - 0 ~ ) ]  - '  ~o~ t > ~  

E x p r e s s i o n  (23) b e c o m e s  much  s i m p l e r  for Pi = 1. With a fo rm of func t ion  x(r) spec i f i ed  and with 
the  r e l a t i o n s  in  [3] t aken  in to  account ,  it  b e c o m e s  

1 N 

Q,(1)--  V i  - r ~ 2 ' 2 
0 m=O 

We wil l  now r e t a i n  only the f i r s t  t h r e e  t e r m s  in  e x p r e s s i o n  (17), whi le  obvious ly  a 1 - 0 f rom s y m -  

m e t r y  c o n s i d e r a t i o n s ,  

X (r) = a o + a~r 2. 

(24) 

Equat ing  p a i r w i s e  the  e x p r e s s i o n s  for  the to ta l  f luxes  p e r  a r e a  e l e m e n t s  r = 1 and r = Pi in  the  
a u x i l i a r y  p r o b l e m s  of i n t e r n a l  and ex t e rna l  hea t  t r a n s f e r  ba se d  on f o r m u l a s  (22), (23), and (24), we a r r i v e  

a t  the  fol lowing s y s t e m  of equa t ions  for  the untmowns a 0 and  a2: 

ao 1 4 - - -  - z - +  1 

8k ~ cth a ~ k ]  I (an9,) 
--(1 4- 29~ ) V '~--P~ 4- ~ an2JO(an ) / ! = 1. (26) 

] 
n = l  

For  k = 0 s y s t e m  (25)-(26) has  a un ique  so lu t ion  a o = I and a 2 = 0 at e ve r y  pi ( ( 0 . 1 ) ,  i . e . ,  we have  

a r r i v e d  at the  o r ig ina l  p r o b l e m  with k = 0. 

Knowing the va lues  of the coef f ic ien t s ,  i t  i s  not  easy  to d e t e r m i n e  the t e m p e r a t u r e  d i s t r i b u t i o n  wi th in  
the  e n t i r e  h a l f - s p a c e  z ~ 0. Thus ,  for  the  t e m p e r a t u r e  f ie ld  a long the  d i sc  axis  we have 

and at z = 0 

[ , ] T (r, 0) ~ T 1 {~=o = 2 (a o 4- a~r ) arcsin - -  - -  a 2 ] / ~  . 
r > l  :I1[; r 

(27) 

(28) 

It i s  to be  noted  that ,  by f inding the coef f ic ien ts  a m (for i n s t a n c e ,  a 0 and a 2 f rom Eqs.  (25)-(26)) at 
va r i ous  va lues  of Pi, one  can,  at the  s a m e  t i m e ,  i n d i r e c t l y  e s t i m a t e  the  a c c u r a c y  of the ob ta ined  app rox i -  
m a t e  so lu t ion  for the m a t h e m a t i c a l  mode l  i n  Fig.  l b  without c o m p a r i n g  i t  with the  r e s u l t s  based  on exact  
f o r m u l a s  or  with the  r e s u l t s  of t e m p e r a t u r e  f ie ld  s i m u l a t i o n .  Some r e s u l t s  of t he se  ca l cu l a t i ons  for  v a r -  
ious  va lues  of p a r a m e t e r  k a r e  g iven  in  Table  1. 
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We note, in conclusion that the potential distribution across a disc plane at k > 1 may, with great 
accuracy, be assumed uniform. In this case the expression for the temperature becomes 

T .-~ . . . . . . . . .  arcsin 
-i- 4k t,,' (1 - -  r) 2 -t- P - i  (1-~. =r)&=---z ~= ' (29) 

T h e  s a m e  e x p r e s s i o n  c a n  b e  e a s i l y  o b t a i n e d  f r o m  t h e  s o l u t i o n  t o  s y s t e m  (15), i f  o n l y  t h e  f i r s t  t e r m  
i s  s o u g h t  and  a l l  o t h e r  t e r m s  a r e  d i s r e g a r d e d ,  i . e . ,  

2 1 
~o . . . . . . . . .  4k 

a 1 i 

T 
Bi 
Qj 
J0, Ji 
F(a, ~, 7, z) 
B(x ,  y) 
r (z) 
f, g,'A, B, • ~p 
r~ z 

k ,p , t  
/311' Tn, a m  

NOTATION 

is the temperature; 
is the Blot number; 
is the total thermal flux; 
are the Bessel functions, of the zeroth and of the first order; 
is the hypergeometric function; 
is the beta function; 
is the gamma function; 
are the function symbols; 
are the cylindrical coordinates; 
are the variables; 
are the unknown coefficients. 

i, 

2. 
3. 

4. 

5. 

6. 
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